We provide properties of almost η-Ricci and almost η-Yamabe solitons on submanifolds isometrically immersed into a Riemannian manifold M , g whose potential vector field is the tangential component of a torse-forming vector field on M , treating also the case of a minimal or pseudo quasi-umbilical hypersurface. Moreover, we give necessary and sufficient conditions for an orientable hypersurface of the unit sphere to be an almost η-Ricci or an almost η-Yamabe soliton in terms of the second fundamental tensor field.
In particular, if λ and µ are constant, then (V, λ, µ) is an η-Ricci soliton [14] , if µ = 0, (V, λ) is an almost Ricci soliton [20] , respectively a Ricci soliton [18] if λ is a function, respectively a constant. The soliton is called shrinking, steady or expanding according as λ is positive, zero or negative, respectively [15] . If the potential vector field V is of gradient type, V = grad(σ), for σ a smooth function on M, then (V, λ, µ) is called a gradient almost η-Ricci soliton.
If there exist two smooth functions λ and µ on M such that
then (M, g) is said to be an almost η-Yamabe soliton or a quasi-Yamabe soliton [13] and we denote it by (V, λ, µ).
In particular, if λ and µ are constant, then (V, λ, µ) is an η-Yamabe soliton, if µ = 0, (V, λ) is an almost Yamabe soliton, respectively a Yamabe soliton [5] if λ is a function, respectively a constant. If the potential vector field V is of gradient type, V = grad(σ), for σ a smooth function on M, then (V, λ, µ) is called a gradient almost η-Yamabe soliton.
A non-flat Riemannian manifold (M, g) (n ≥ 3) is called a) mixed generalized quasi-Einstein manifold [2] if its Ricci tensor field is not identically zero and verifies where α, β, γ and δ are smooth functions and A, B are 1-forms on M such that the corresponding vector fields to the 1-forms A and B are g-orthogonal. In particular, the manifold M is called: i) generalized quasi-Einstein [6] if δ = 0; ii) almost quasi-Einstein [9] if β = γ = 0; iii) quasi-Einstein [7] if β = δ = 0 or γ = δ = 0; iv) Einstein [1] if β = γ = δ = 0; b) pseudo quasi-Einstein [19] if its Ricci tensor field is not identically zero and verifies
where α, β and γ are smooth functions, A is a 1-form and E is a symmetric (0, 2)-tensor field with vanishing trace on M. In particular, if γ = 0, then the manifold M is quasi-Einstein.
In the present paper, we establish some properties of almost η-Ricci and almost η-Yamabe solitons on submanifolds isometrically immersed into a Riemannian manifold M , g whose potential vector field is the tangential component of a torse-forming (in particular, concircular or recurrent) vector field on M, treating also the case of a minimal or pseudo quasi-umbilical hypersurface. Moreover, we provide necessary and sufficient conditions for an orientable hypersurface of the unit sphere to be an almost η-Ricci or an almost η-Yamabe soliton in terms of the second fundamental tensor field. A partial study on this topic has been begun in [3] .
2 Solitons with torse-forming potential vector field
where a is a smooth function, ψ is a 1-form and ∇ is the Levi-Civita connection of g. Moreover, if ψ(V ) = 0, then V is called a torqued vector field.
In particular, if ψ = 0, V is called a concircular vector field [17] and if a = 0, V is called a recurrent vector field [21] .
Remark that any concircular vector field with a(x) = 0, for any x ∈ M, is of gradient type, namely
whose divergence is div(V ) = an, with n = dim(M). Moreover,
If (M, g) is an almost η-Ricci soliton with the potential vector field V and η is the g-dual of V , then Ric = (λ − a)g + µη ⊗ η,
|V | 2 and we can state: Proposition 2.1. If a Riemannian manifold (M, g) is an almost η-Ricci soliton (V, λ, µ) with concircular potential vector field V and a is a non zero constant, η is the g-dual of V , then i) M is a quasi-Einstein manifold with associated functions (λ − a) and µ; ii) grad(λ), grad(µ) and grad(scal) are collinear with V .
Proof. Since R(X, V )V = 0, for any X ∈ χ(M), we get Ric(V, V ) = 0 and
Differentiating the previous relation, using d scal = 2 div(Ric) and taking into account that
we get:
and applying the gradient to the same relation, we have:
which combined give:
Taking now the inner product with V , we get:
Also, we get grad(λ) = 2(n − 3) n − 1 aµV and grad(scal) = 2(n − 3)aµV.
If M has constant scalar curvature and n > 3, then µ = 0, λ = a, Ric = 0 and scal = 0, therefore: For the almost Ricci solitons, we can state: Proof. From the condition for V to be torqued, we get
and from the soliton equation, we obtain
Let U be the g-dual vector field of ψ. Then η(U) = ψ(V ) = 0, hence the conclusion. Proof. From ψ(V ) = µη(V ), we have
hence the two statements.
If the potential vector field is torse-forming, we get the following two results for almost η-Ricci solitons similar to those proved in [12] for Ricci solitons with concurrent potential vector field.
Theorem 2.6. Let (M, g) be an n-dimensional Riemannian manifold and let V be a torse-forming vector field satisfying Ric M (V, V ) = 0. Then (V, λ, µ) is an almost η-Ricci soliton with η the g-dual of V if and only if the following conditions hold: i) the soliton is given by
Proof. Following the same steps like in [12] , we get ii). In our case
and from (1), we have:
By using Ric M (V, V ) = 0, we obtain i).
For almost Ricci solitons with concurrent potential vector field, we can state:
Proposition 2.7. An n-dimensional Riemannian manifold (M, g) is an almost Ricci soliton (V, λ) with concurrent potential vector field V if and only if the following conditions hold: i) the soliton is a shrinking Ricci soliton with λ = 1;
Therefore, there do not exist proper almost Ricci solitons (i.e. with non-constant λ) with concurrent potential vector field.
It was proved in [10] that the gradient of a non-constant smooth function σ on a Riemannian manifold (M, g) is a torse-forming vector field with
where ψ = δdσ and we can state:
Proof. From (1), we get
So M is a quasi-Einstein manifold with associated functions (λ − a) and (µ − δ).
As a consequence, we obtain: Corollary 2.9. With the above notations, if a Riemannian manifold (M, g) is an almost η-Ricci soliton (V, a, δ) with torse-forming potential vector field V of gradient type and η is the g-dual of V , then M is a Ricci-flat manifold.
Almost η-Yamabe solitons
Assume that V is a torse-forming vector field on an n-dimensional Riemannian manifold (M, g), ∇ X V = aX + ψ(X)V , for any X ∈ χ(M), where ∇ is the Levi-Civita connection of g. If η is the g-dual 1-form of V and U is the g-dual vector field of ψ, then
Since
we obtain:
Let (V, λ, µ) be an almost η-Yamabe soliton with η the g-dual 1-form of the torseforming vector field V . Then
and taking the divergence, we get
Proof. From the soliton equation (2), taking X = Y = V , we get (5) scal −λ − a − ψ(V ) + µ|V | 2 = 0 and taking X = Y = U, we obtain
Replacing (5) in (6), we get:
Proposition 2.11. Let (M, g) be an n-dimensional Riemannian manifold and let (V, λ, µ) be an almost η-Yamabe soliton with η the g-dual 1-form of the concircular vector field V . Then V is ∇-parallel or the soliton is given by
Proof. Taking ψ = 0 and U = 0 in (4), we get
and by differentiating (5), we obtain:
Replacing the second relation in the previous one and computing it in V, we get
which combined with the previous relation implies either a = 0 (i.e. V is ∇-parallel) or µ = n, which from (5) gives λ = scal −a + n|V | 2 .
Proposition 2.12. Let (M, g) be an n-dimensional mixed generalized quasi-Einstein manifold and let (V, λ, µ) be an almost η-Yamabe soliton with η the g-dual 1-form of the torqued vector field V . If the Ricci tensor field of M is of the form Ric = αg + βη ⊗ η + γ(η ⊗ ψ + ψ ⊗ η), then
Proof. Since V is a torqued vector field and η the g-dual 1-form of V, we have
On the other hand,
gives us scal = αn + β|V | 2 + 2γψ(V ) = αn + β|V | 2 .
Then (2) turns into
So by a contraction in the last equation, we obtain (7) .
3 Almost η-Ricci and almost η-Yamabe solitons on submanifolds Let M be a submanifold isometrically immersed into a Riemannian manifold M , g .
Denote by g the Riemannian metric induced on M, by ∇ and ∇ the Levi-Civita connections on (M, g) and M , g . The Gauss and Weingarten formulas corresponding to M are given by:
where h is the second fundamental form and B N is the shape operator in the direction of the normal vector field N defined by
A Riemannian submanifold M is called minimal if its mean curvature vanishes.
A submanifold M in a Riemannian manifold M, g is called i) ξ-umbilical [8] (with respect to a normal vector field ξ) if its shape operator satisfies B ξ = ϕI, where ϕ is a function on M and I is the identity map;
ii) totally umbilical [11] if it is umbilical with respect to every unit normal vector field.
An n-dimensional hypersurface M, n ≥ 4, in a Riemannian manifold M , g is called i) 2-quasi-umbilical [16] if its second fundamental tensor field H satisfies
where ̟ and η are 1-forms and α, β and γ are smooth functions on M such that the corresponding vector fields to the 1-forms ̟ and η are g-orthogonal. In particular, if γ = 0, then M is called quasi-umbilical [11] ; ii) pseudo quasi-umbilical [19] , if its second fundamental tensor field H satisfies
where ̟ is a 1-form, α and β are smooth functions on M and E is a symmetric (0, 2)tensor field with vanishing trace. If E vanishes, then M is quasi-umbilical.
If V is a concurrent vector field on M , then for any X ∈ χ(M), we have
and we can state: In particular, if V is of constant length, then the almost η-Ricci soliton (M, g) is a quasi-Einstein manifold with associated functions λ and µ.
Next, we shall characterize almost η-Ricci and almost η-Yamabe solitons on M whose potential vector field is the tangential component of a torse-forming vector field on M . 
for any X, Y ∈ χ(M); ii) (M, g) is an almost η-Yamabe soliton (V T , λ, µ) if and only if:
Proof. For any X ∈ χ(M), we have:
and by the equality of the tangent components, we get:
i) Suppose that there exist smooth functions λ and µ on M such that the condition in the hypotheses holds. Then we obtain
Hence the submanifold (M, g) is an almost η-Ricci soliton. The converse is trivial. ii) Suppose that there exist smooth functions λ and µ on M such that the condition in the hypotheses holds. Then we obtain
Hence the submanifold (M, g) is an almost η-Yamabe soliton. The converse is trivial.
If M is a minimal submanifold, then we can state the following corollary: For a hypersurface, since
where N is the unit normal vector field of M and H is the second fundamental tensor field, if we denote by ρ = g(N, V ⊥ ), then we can state: which gives us
Conversely, assume that (12) is satisfied. Then by the Gauss equation, we have (15) 
so by Corollary 3.5, (M, g) is an almost η-Ricci soliton with potential vector field V T . ii) By a contraction in (14), we find scal = (tr(H)) 2 − tr(H 2 ) + n(n − 1)c and replacing scal in (11), we get
Conversely, assume that (13) is satisfied. Then by a contraction, we find Proof. Assume that M is a quasi-Einstein hypersurface whose Ricci tensor Ric is of the form Ric = αg + βη ⊗ η. If V is a concircular vector field on M , then from Theorem 3.2, we can write
which gives us
Hence M is a quasi-umbilical hypersurface with associated functions λ−a−α ρ and µ−β ρ . The converse is trivial.
It is known that an n-dimensional hypersurface M, n ≥ 4, in a Riemannian manifold M (c), g of constant curvature c is conformally flat if and only if it is quasi-umbilical [22] . So we have:
Corollary 3.8. Let M be an n-dimensional quasi-Einstein hypersurface isometrically immersed into an (n + 1)-dimensional Riemannian manifold M , g . Assume that the Ricci tensor field of M is of the form Ric = αg + βη ⊗ η. If V is a concircular vector field on M , then (M, g) is an almost η-Ricci soliton with potential vector field V T , for η the g-dual of V T and M is a conformally flat hypersurface.
Let ϕ : M → S n+1 (1) be an immersion. We denote by g the induced metric on the hypersurface M as well as that on the unit sphere S n+1 (1) . Let N and B be the unit normal vector field and the shape operator of the hypersurface M in the unit sphere S n+1 (1) and we denote by , the Euclidean metric on the Euclidean space E n+2 . Assume that V is a torse-forming vector field on E n+2 . If we denote by N S the unit normal vector field of the unit sphere S n+1 (1) in the Euclidean space E n+2 , we can define the smooth functions δ, ̺ on the hypersurface M by δ = V, N | M and ̺ = V, N S | M . Hence the restriction of the torse-forming vector field V to the hypersurface M can be written as
Then as an extension of Theorem 3.3 given in [23] , we can state: 
for any X, Y ∈ χ(M). In this case, M is a pseudo quasi-umbilical hypersurface.
Proof. Let ∇, ∇ and D denote the Levi-Civita connections on M, S n+1 (1) and E n+2 , respectively. Then we can write
and for any X ∈ χ(M), by taking the covariant differential w.r.t. X, we have
By using the Gauss and Weingarten formula, we find
By the equality of the tangent and the normal components, we get (17) ∇ X ξ + (̺ − a)X = ψ(X)ξ and X(̺) − g(X, ξ) = ψ(X)̺.
The vector field ξ on S n+1 (1) can be written as
So from (17), we have
By using Gauss and Weingarten formula again, we find
Then by the equality of the tangent and the normal components, we have
and ψ(X)δ = g(B(X), U) + X(δ).
On the other hand, the Gauss equation for a hypersurface M in S n+1 (1) gives us
i) Then combining (20) and (19), we find
Suppose that there exist smooth functions λ and µ on M such that the condition in the hypothesis holds. Then we obtain 1 2 (£ U g) (X, Y ) + Ric(X, Y ) = λg (X, Y ) + µη(X)η(Y ). Hence the hypersurface M is an almost η-Ricci soliton. The converse is trivial.
ii) By a contraction in (20) , we find (21) scal = n(n − 1) + (tr(H)) 2 − tr(H 2 ).
Then combining (21) and (19), we get
− n(n − 1) + (tr(H)) 2 − tr(H 2 ) + ̺ − λ − a g(X, Y ) + δH(X, Y ).
Suppose that there exist smooth functions λ and µ on M such that the condition in the hypothesis holds. Then we obtain 1 2 (£ U g) (X, Y ) = (scal −λ)g(X, Y ) + µη(X)η(Y ). Hence the hypersurface M is an almost η-Yamabe soliton and moreover, M is a pseudo quasi-umbilical hypersurface. The converse is trivial. It is known that a pseudo quasi-umbilical hypersurface of a Riemannian manifold of constant curvature M (c), g is a pseudo quasi-Einstein hypersurface [19] . So we have: Corollary 3.12. Let M be an orientable hypersurface of the unit sphere S n+1 (1) and let V be a torse-forming vector field on the Euclidean space E n+2 . If the hypersurface (M, g) is an almost η-Yamabe soliton (U, λ, µ), then it is a pseudo quasi-Einstein hypersurface.
